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MOTIVATION — CYBER-PHYSICAL SYSTEMS

S. Jadlovska, PhD: Modeling and Optimal Control of Nonlinear Underactuated
Dynamical Systems (PhD thesis supervised by prof. J. Sarnovsky, defended in 2015)

D. Voséek: Hybrid Models of Cyber-Physical Systems and Their Application into
Distributed Control Systems (PhD student supervised by doc. A. Jadlovska, 2015-)

Cyber-Physical Systems
integrate physical processes with "ii
computations

provide interactions among
computing, control, physical &
network systems

Multipurpose Workplace for
Nondestructive Diagnostics &
with Linear Synchronous
Motor — Single Inverted
Pendulum Laboratory Model



OVERVIEW OF THE PRESENTED RESULTS

INVERTED PENDUILA MODELING AND CONTROL BLOCK LIBRARY

> MODELING OF UNDERACTUATED MECHANICAL SYSTEMS USING CLASSICAL MECHANICS
> OPTIMAL CONTROL OF UNDERACTUATED DYNAMICAL SYSTEMS

» HYBRID CONTROL OF UNDERACTUATED SYSTEMS
DISTRIBUTED CONTROL SYSTEM (DCS) AT THE DCAI

SINGLE INVERTED PENDULUM LABORATORY MODEL WITH THE LSM

> IMPLEMENTATION INTO THE DCS
> SIMULATION MODEL IDENTIFICATION

> HYBRID CONTROL DESIGN AND VERIFICATION




DYNAMICAL SYSTEMS (2011-2015)
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APPLICATION OF EULER-LAGRANGE EQUATIONS OF THE
2ND KIND IN MODELING OF A MULTI-BODY MECHANICAL SYSTEM

VECTOR OF GENERALIZED COORDINATES 0(t) = (0:(t) 02(t) ... 0Oy (t))T

Kinetic, potential and dissipative energies of a multi-body system:
k

k k
Ex(t)=> FEri(t)  Ep(t)=) Epi(t) D(t)=) Dj(t)

L(t) = Bk (0(6),6()) — Ep (0(1) D) = D(0(2))
LAGRANGE FUNCTION DISSIPATIVE FUNCTION
N / - the process of deriving
motion equations for a
d (OL()\ OL(Y) N oD(t) Q" (1) mechanical system is
dt 5’9(15) 90/(t) 89(?5) - automated using

symbolic software tools:
EULER-LAGRANGE EQUATIONS OF THE 2ND KIND

MATLAB, Maple,
Mathematica



FULLY ACTUATED VS. UNDERACTUATED SYSTEMS

O(t) = £(0(1),0(t),u(t),t) B(t) = £, (0(6).0(2),t) + G (6(£), 8(2), 1) u(®
GENERAL LAGRANGIAN REARRANGEMENT INTO
NONLINEAR SYSTEM THE AFFINE FORM

M (0(1) B(1) + N (6(2),8()) (1) + R (6(1)) = V (t)u(t 2\

REARRANGEMENT INTO THE STANDARD
MINIMAL FORM

FULLY ACTUATED System "k (G (0(1),0(1),t) ) = rank (V (8(2))) = dim (6())

UNDERACTUATED SYSTEM  [[@7F (G (9(?5), 9(t),t)




BENCHMARK UNDERACTUATED SYSTEMS (2011 — 2015)
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MATHEMATICAL MODELING OF INVERTED PENDULUM SYSTEMS
A GENERALIZED APPROACH

VECTOR OF GENERALIZED COORDINATES: 0(t) = (Oo(t) 6:(t) ... 6’n(t))T

cart/arm position pendulum angles

GENERALIZED SYSTEM OF N CLASSICAL GENERALIZED SYSTEM OF N ROTARY
INVERTED PENDULA INVERTED PENDULA



U ~FENDULUIVI RO | A

clockwise
counterclockwise

COORDINATE SYSTEM

top
right
down “

left

‘ - sphere

 cylinder
- disk

 neglected friction

- neglected backward
impact of the pendulum
on the cart

v



INVERTED PENDULA MODEL EQUATION DERIVATOR_V3
(AUTOMATIC DERIVATION OF MOTION EQUATIONS)

attached

selects the system type & number of pendulum links

Injerted Pendula Model Equation Derivator_v

— Inpuk parameters
Number of pendula

|twn v|

inverted W

— Weight type.

weight type

reference

() Sphere
D Cylinder

() Ring
@ None

pendulum
position &
direction of
pendulum
rotation

Origin of the coordinate system

|tnp v|

Direction of motion

| clockwise w |

Co— 1

generated equations of motion

|
C= T ORGPl g = Jpr+ T = 2MR% h=C -l hy=l+R-C

Jpa = mi—ggig; Jor = Jpp+wkohi; Jop= Jpg+ Mh% Jpo= Jou + Jop Jo= Jpo+ (M + mp)C?

ls

— Equations

Cart equation
[ty cos(Ra(t))
—_—

||
b

&) (M + ??12)) By (t)+

(M +mg 4+ my + ??12:19-0 (t)+ iCeos (8 (t)) (M + ms)) 8, (t)+

+ofl (#) — LB ORTY _ (Cginy (9, (2)) 852 (¢) + lysing

|
n

invpenderiv v3.m

rotinvpenderiv v3.m

Lower pendulum equation

T8 (t)+

T

Irr (M +moilicos (81 (£)) + W—IN;M) B (t)— MM + (C' (M

\

+ {0y +6,)0y [£) —6u, (£) — (M + ) glisin (8, () + (Ji + (M + 520} ) 8 (£) + C (M + ) ysim (8 (£) — 8, ()8 (£) =0
Upper pendulum eguation

(C'(M +my)cos (03 (t))) 0 (t) + Jabs (t) + 6p (82 () — 0, r,'tj) + (C' (M + my)lycos (81 (t) — 85 (£)))0y () —
\

—C (M4 mgjgsin(fe(t)) — C (M4 mg|lysin(fy(t) — 0 ['tjjfailz it)=0

initiates mathematical model derivation



LIBRARY BLOCKS — INVERTED PENDULA MODELS

B8 Simulink Library Browser — O >

B-o- =@

§a o |Entersearchterm | AR -

IPMaC
> Simulink
Control System Toolbox thetad muL an
» HOL Coder hetat [
IPMaC b b
> Neural Network Toolbosx thata? [y Fheta Fheta
> Simulink 3D Animation AF setanit b m JF
»  Simulink Coder i . dinatadds [ difatalds [
> Simulink Control Design : difta1dt [
? g::ullnk. Extras dihetazdt [ dthela'ldlr dtrmmdlr
> System Identification Toolbox Double Pendulum Rotary Pendulum Single Pendulum
Recently Used
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OPTIMAL CONTROL PROBLEM FOR NONLINEAR
DYNAMICAL SYSTEMS

NONLINEAR DYNAMICAL SYSTEM

) B x(t) € RQle
:B(t) =/ (w(t)’ u(t>’ t) underactuated system () mx1
y(t) —g (CU(t): U(t)a t) with k DoFs y(t) cR

OPTIMAL STATE-FEEDBACK CONTROL
ty

T (w0, u(t),t) = 6 (w(t})) +/VCF ((t), w(t), £) dt — min, € [to,t]

- underactuated systems are more difficult to control than fully actuated systems:

- useful properties of fully actuated systems (feedback linearizability, linear
parametrizability) are lost

- adverse properties typical of underactuated systems emerge — higher relative degree,
nonminimal phase dynamics



STATE-SPACE DESCRIPTION OF NONLINEAR UNDERACTUATED
DYNAMICAL SYSTEMS

za(t)”

\

C c RmX2k D c RmXS

£(0)= f(x{t)u(e)1)

_| 0
0 -M'N

| o

0
-M"'R

Flar b

J

|

NONLINEAR STATE-SPACE REPRESENTATION OF A GENERAL UNDERACTUATED SYSTEM



LINEAR APPROXIMATION OF NONLINEAR UNDERACTUATED
DYNAMICAL SYSTEMS

: if the linear approximation of the nonlinear system is L x(t) = F(x(t),u(t),t)
I known around the given equilibrium point, optimal control !

: techniques designed for linear systems can be applied to l

j control the original nonlinear system :

A = (8f (m(t)’u(t)7t)) ER2k:><2k w(t) — AAw(t) —l_ BA’U;(t)
0x(t) ot
B_ (8f (w(t),u(t),t))  R2kxs STATE EQUATION IN DEVIATION FORM
Oult) _— -
X =0'
Y
x(t) = Az(t) + Bu(t x(i+1) = Fx(i) + Gu(i)



LINEAR QUADRATIC REGULATOR (LQR) DESIGN BASED ON THE CONTINUOUS-
TIME AND DISCRETE-TIME STATE-SPACE MODEL OF THE LINEAR SYSTEM

Jrq(t) / ()Qrox(t) + uk(t) RLqur(t)) dt Jrq(i) = z_: [ (i 1)Qrox(i) +up(i)Rrour(i)]

2 =0
x(t) = A:r;(t) + Bu(t) x(i+1) = Fx(i) + Gu(i)
y(t) = Cy(t) + Du(t) y(i) = Cz(i) + Du(i)
-1
ATP+ PA-PBR;L\B"P+Q,,=0 F'PF - F"PG (R.q + G"PG) G'PF
+ QLQ — O

CONTINUOUS-TIME ALGEBRAIC RICCATI EQUATION DISCRETE-TIME ALGEBRAIC RICCATI EQUATION

\

Ko =R;,B'P, OPTIMAL STATE- Kio— R-.BTP
FEEDBACK GAIN @ e ’
\ MATRIX |{
’LLR(t) = —KLQm(t) ’U,R(i) = —KLQ(’i)w(i),

STATE-FEEDBACK GAIN MATRIX



APPLICATION OF OPTIMAL CONTROL TECHNIQUES IN STATE-FEEDBACK
CONTROL OF INVERTED PENDULUM SYSTEMS AS SIMULATION MODELS

- the aim is to design a stabilizing state-
feedback control law which fulfills the
principal control objective for inverted
pendulum systems:
- stabilization of all pendulum links in the
vertical upright (inverted) position
(= unstable equilibrium)
- and at the same time ensures that:

- the initial deflection of each pendulum link is
eliminated

input signal is compensated

« the cart/rotary arm tracks a predefined
reference trajectory while keeping the
pendulum links in the upright equilibrium all
the time

- atime-constrained or permanent disturbance -




STATE-FEEDBACK CONTROL WITH FEEDFORWARD GAIN & DISCRETE-TIME
STATE OBSERVER - BLOCK SCHEME

reference position tracking by the cart/rotary arm

d, (i : : :
\ o(i) disturbance input compensation

x(i+0) = Fx(i)-+ gu(i) y(i)
y(i)=Cx(i)

elimination of initial deflection
(nonzero initial conditions)

brings the system state into the |
equilibrium point estimation of system state at every time instant



EXAMPLE RESULTS — OPTIMAL CONTROL OF UNDERACTUATED
SYSTEMS

Ratary Fincle enrad Panduom - | QR v BOAF - o aogk Hotary Singie Inverted Ponculum  LAH vs. SUHL  Penduum Angic
[ ' ' ' ’ T T T T

— stabilization of a rotary single inverted

pendulum system in the upright unstable

position for a) initial deflection control b)

reference command tracking by the rotary arm

using

- LOR

« State-dependent Riccati equation
method

[} 3 =4

Simulaton tme o
Rzlary Singls Invarmed Fendulum - LR va. SORE - Am Angls
e T T T 1 T T

i Al =

L]
Emuiat tme s

S e
[

— stabilization of a classical/rotary single inverted
pendulum system in the upright unstable position
for reference command tracking by the rotary
arm, using

* Model Predictive Control (MPC)




ECHANICAL SYSTEMS
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PRINCIPLES OF SWITCHING/HYBRID CONTROL

« switched/hybrid closed-loop system as an alternative to continuous control law
(Brockett condition not met)

supervisory mechanism
(implements switching logic)

one of the available
control laws is selected Decision
based on the I/0 signals Switching Maker
o signal 7\
u,(t)
—»= Controller 1 B

u® [\ N X(t)

—» Controller 2

Process

N
N\

controlled system

|
Y




HYBRID CONTROL STRUCTURE DESIGN
FOR INVERTED PENDULUM SWING-UP AND STABILIZATION

transition/switching mechanism

state-feedback
balancing controller
SWIChING 1 single inverted pendulum |9 » > MPC
mechanism > SDRE
‘ /
u_(t
controller
>
i usw () = upsgn (1(2)161(1)])
uSLﬂf(t) SWiﬂg-Up usw (t) = upysgn (91 )
controller  I° > usw () = —umsen (0 (1) cos 0y (1))

—> energy-based methods

swing-up controller ==

> partial feedback linearization



EXAMPLE RESULTS — HYBRID CONTROL STRUCTURE DESIGN
FOR INVERTED PENDULUM SWING-UP AND STABILIZATION

o u(t) Xx(t)
n’?tgvéﬁwcgr::’;%w * single inverted pendulum >
. swing-up: partial feedback
swing-up: energy-based y 'y linearization
U t . . .
CODU‘.O! ) 5O [ gtapi lizing stabilization: LQR based on the
the discrete-time linear state- model
space model Usek) swing-up
controller
| [
\ r Cal Ponin Nared ‘
Rotary Single Inverted Pendulum (Torque Mode!) y s
ot Swing-up and Stabilization- Arm Angle ms'mym Pemnw_u z,,[‘v z:r Made)
80
- - A5V
100 —Abachte value controfer 1 /\\‘ — ;:
o w2000 BpOOd COMrolor 9 :: : TV
g —Cosine vakie conmpoine g P \ X 2
2 %0 < x
§ f o b
8 5 2 5
H [ ] —
il » — |
& —
‘Kcil 2 4 L) L] 0 12 14 16 1% 2 ((.On J 2 3 & 5 !n_ 7 ] 9 10
Simwlation time [g] Simulation time [s]
Rotary Singie Inverled Pendulum (Torque Model) Rotary Singla Invertod Penctum (Vohage Modsi) ‘
50 Swing-up and Stablization - Pendulum Angle - Swing-up and Stabization - Panddum Ang'e
° 0 - s N
? e —AbscAdn vidn contnler g - :ﬂ : ;:V
g | o e g sl B
E 50 J g A% g -
s i
 Be 5 ]
300 00 | —t v \
36% ¢ ? Scsﬂulem’)?\ ﬂm.'lzt] N 2 ® b mb ; 2 S:-ulnosn ame l';] A ’ L " | 1 1
k. J - J
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(A PYRAMIDAL MODEL OF A CYBER-PHYSICAL SYSTEM)

R FF 0\

MANAGEMENT
CONTROL
LEVEL

MSSQL SERVER INFORMATION LEVEL OF
CONTROL BASED ON
— RELATIONAL DATABASE
roor CLIENT-SERVER
l ARCHITECTURE
'MATLAB
'SERVER SCADA / HMI LEVEL AND
? G SIMULATION MODEL LEVEL
. H
\ \
; ‘ \
N3-222 ke i !
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‘MPLEMENTATION OF THE gINGLE ‘NVERTED EENDULUM EABORATORY

MODEL WITH LSM INTO THE DCS

RDBS ORACLE

SCADAMHMI Simulation model
| ETHERNET

TCPAP

OPC Server
""""""""""""""" TTTTTTTTERHERNETY T
TCP/IP
ETHERMET
TCPIIP
WsSD : PLC
KINETIX 6500 CompactLogix
L ) Y
‘imrrsu -s ... f— Wik Ckra § WARAGENENT \"-
‘ ' | sEmn ?T ; . ‘\ LEVEL \
TATLE mETAeY TresaL semen \ \mmuﬁmlsvn oc\
;‘ = — RO AT sttt IR P IS O R A
, LAy = ,s,.“-__r‘““"""“ \ rT T I I S B 1
_,,..u,.........,. 7uau. L:?m JE:M \\\"'mm S m\ iPendqum with the Linear drive
::"_”‘ ) Q ‘F seRo 'f l e SNULATION NOOTL L VL i pEndLllum . Linear drive H
/ ]T 'E_ "r I‘_‘x - o \ \ \\ i angle sensor position sensor E
.»—4— - ! < K .'. H
| lwcelalal |l L L o 4 | JECHNOLODIGAL LEVES OF * i :
- . - L o = L

,_,,_/ ] 'I l T I - | ’ fr TT q 'T i w\ .Mechamcal part of the real single inverted pendulum with a linear drive E
'_,.-’.-.-z SE T B-'—""‘*‘a"‘s it pnm = S N .

ACTWTORE %\ LEVEL 0

i 1’




DEVELOPMENT OF SIMULATION MODEL LEVEL FOR THE
SINGLE INVERTED PENDULUM LABORATORY MODEL WITH LSM

A. SYSTEM IDENTIFICATION

» DERIVATION OF A MATHEMATICAL MODEL OF A SINGLE INVERTED PENDULUM ON A CART
WITH AN ATTACHED WEIGHT

MODIFICATION OF THE DERIVED MODEL TO INCLUDE THE LSM
IDENTIFICATION OF PARAMETERS OF THE LSM MODEL

IDENTIFICATION OF DAMPING

vV Y VY V

VERIFICATION AGAINST THE LABORATORY MODEL

B. HYBRID CONTROL DESIGN

LINEAR APPROXIMATION
DESIGN OF STABILIZING CONTROL LAW — LQR
DESIGN OF SWING-UP CONTROL LAW — ENERGY SHAPING

VERIFICATION AGAINST THE SIMULATION MODEL

YV V V V VY

VERIFICATION AGAINST THE LABORATORY MODEL




Al. GENERATING MOTION EQUATIONS USING THE
INVERTED PENDULA MODEL EQUATION DERIVATOR_ V3

n Invefted Pendula Model Equation Derivator_v3

system type: classical
number of pendulum links: 1

generated equations of motion

attached

weight type: | oo
sphere vered .
reference ® Cyinder
pendulum O g
position: top || ©*"

direction of
pendulum
rotation:
clockwise

InJerted Pendula Model Equation Derivator_v3
] O = AT e T Jrg = 2MR% hy=C -

Origin of the coordinate system

top ~
Direction of motion

clockwise ~

Derive: EE” ations.

I _ ] o
e I 3 =L+ R-C

Jii=J1+ "'nl"l%: Jio = JTQ + .hrflg; Jry = Ji + Jig

- Equations

Cart equation

(M 4+ mg + ??I,l_‘_llén (Tt 4+ Coos (@ () (M +mq) 3.1 T4+ JUL‘)‘.U (t)—Csmm (B () 8.12 (EM4+my)=F

Pendulum eguation

Clmy + Mjcos (8 (2)) 3-0 (t) 4+ (Jr1 + C?(mqy+ M) 8'.1 (t)+ (518'.1 (t)—C(my+ Mjgsm(84(t)) =0

initiates mathematical model derivation




Al. MATHEMATICAL MODEL OF A SINGLE INVERTED PENDULUM
ON A CART WITH AN ATTACHED WEIGHT AND FORCE INPUT

CART (M + mo + m1)0o(t) + C cos (01(t)) (M 4+ mq)01(t)+
EQUATION +0000(t) — C'sin (61(t)) 63 () (M +my) = F(t)

PENDULUM EQUATION

C(m1 + M) COS (01(75)) éo(t) + J1é1 (t) + 51&1@) — C(m1 + M)g sin ((91(15)) =0

DISTANCE BETWEEN
PIVOT POINT — COG

mid + M (I; + R)
M—l—m1

C =




T —
A2. REPLACEMENT OF THE CART EQUATION BY VELOCITY CONTROL LOOP

DESCRIBING THE MOTOR-CART SUBSYSTEM

SINGLE INVERTED PENDULUM FORCE MODEL — CART EQUATION

(M + mo + my)0(t) + C cos (A1 (t)) (M + my)6, (t)+
+30000(t) — C'sin (61 () 02(t)(M +mq) = F(t)

LSM VELOCITY CONTROLLER INCLUDED INTO THE VELOCITY CONTROL LOOP

Oo(t) = 65 (1), Oo(t) = G5(t) —m— sO0(s) _ Po

sOi(s) 2+ qs+qo

s (91(75)) — 500(s)




A3. EXPERIMENTAL IDENTIFICATION OF LINEAR DRIVE VELOCITY LOOP

PARAMETERS
. L_SM S\_.r_stem Qmputﬂ_nlﬂaﬂ_eferenpe Inpqt _ . Measured alnd simulated r:'mdel output
drpkbete bttt kMR BRH
iisasdanaddsadssdnagddu s rerrrrrrrrrF
Trji[sl Tims b4
' Reference velocity  65(?) Identified model output  @p;q(t)

| Actual velocity 0o(t) Laboratory model output (%)



DAMPING COEFFICIENT

61(1) + 2601 (t) + w sin (61) = 0 \ _Lm( - )
A

nT t+nT)

Walldation of tha damping costficiant b
1 1 1 1 v ' '

wy = 1) ™9C 0o
B Jp 4 |
| N
) =
m, I ‘Mf m‘ U u U U U




LABORATORY MODEL WITH LSM

Verification of an analytic nonlinear model

400 T T

B

CART VELOCITY
m Reference cart velocity ﬁ'{‘!n:_fll i TI ME B EHAVIOR

— Sirmilation cart veloeity fyat)
s Pl cart velocity (8 )

Cant valochy [mims]
(=]

8

Time [s]

190 - 1 _

: PENDULUM ANGLE
TIME BEHAVIOR

s Sl ation. pendulom angle &0t | |
s [l prenydubum angle & (8)

B

Pendulurr angke [deg]
@ B
T

-y

pr

=
T

] 2 4 G 8 10 12 14 18 18 20
Time [s]

165



? p=[r1 1 w5 xa zs)T = [0() 61(t) Bo(t) 6ot) Go(t)]
‘0 1 0 0 0] 0 ]
a1 a2 0 0  ags 0
dz(t): 0 0O O 1 0 :Iz(t)+ 0 u(t)

0 O 0 O 1 0
i 0 0 0 as5g CL55_ _b5_
A B

N A

"\/"

[k,s,e]=Iqr(A,B,Q,R)



B2.+B3. HYBRID CONTROL STRUCTURE FOR THE SINGLE INVERTED
PENDULUM WITH VELOCITY CONTROL

VERIFICATION OF PROPOSED CONTROL DESIGN USING MODIFIED IPMaC BLOCKS

simulation theta >
model block T
dthets >
— p|dthetal” thetad >
dthetad >
switching
. d7thetal >
mechanism
Single inverted pendulum with LSM
block
Switching mechanism
\ dthetat |y
\\ Uz | usw_dthetal™
thetz1 |y
Swing-up controller
| fdthetad®  theta! 4
Ust et ust_dthetal®  x 14\
Stabilizing controller StabiliZing SWing-up
controller controller

block block



B4, HYBRID CONTROL DESIGN (SWING-UP AND STABILIZATION) =

VERIFICATION ON THE SIMULATION MODEL

SWING-UP BY ENERGY-BASED METHODS, STABILIZATION BY LQR

Cant Position Analysis
T T T

 CART POSITION

TIME BEHAVIOR

—Cart position #aif) | .

G‘arlpfnsllon [mrr]
248,88

1 1 1
1.5 2 25 3 35 4

=]
=
& F

Time [5]
Pendulum Angle Analys|
E 300 T T o |w e T T T
o  Pewouomavie
E
L 1M = -
E 0 | e eyl g (i)
=100
o 0.5 1 1.5 2 25 3 is 4
Time [5]
4000 T T T mnm”m::ut e e T T T
=
E 2000 . D
E
= o
: - CONTROL INPUT
E .
E 4000 — Conirol lpit {.i,';l_!]| -
6000
i) 0.5 1 1.5 2 25 3 EE-3 4

Time [s]



© B5. HYBRID CONTROL DESIGN (SWING-UP AND STABILIZATION) =

VERIFICATION ON THE LABORATORY MODEL

SWING-UP BY ENERGY-BASED METHODS, STABILIZATION BY LQR

500 T T T IDEII'I.P'OE-IJ‘?I'IM}E'EI T T T
E
E
5 of CART POSITION
i TIME BEHAVIOR
,s 500 | I—l'rl.n ;M'-;'irmnﬂh[rl] -
B B.S5 ] 8.5 10 105 1" 1.5 12 12.5 13
Time [s]
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IDENTIFICATION AND CONTROL OF THE SINGLE INVERTED PENDULUM
LABORATORY MODEL — FINAL RESULTS

https://www.youtube.com/watch?v=smri36WifveQ



https://www.youtube.com/watch?v=smrj36WfveQ
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SUMMARY

erification of an analytic nonlinear modal

k

(M -+ mo + ma)fio(t) + C cos (0:(1)) (M +m)(t) i
Foolo(t) — C'sin (01(8) B2(H)(M +my) = F(t)  +. i

iz

C(my + M) cos (01(1)) 0o (t) + J161(t) +
+ 5191 (t) — C(m1 + M)g sin (91 (t)) =0
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