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= Dynamic systems as low-pass filters
= Frequency response of dynamic systems
= Shaping system response

= LQ regulators with output vector cost functions

= Implicit model-following
= Cost functions with augmented state vector
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._: \‘ % subject to |
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First-Order Low-Pass
Filter



Low-Pass Filter

Low-pass filter passes low frequency signals and
attenuates high-frequency signals

o Output
"'_Pﬂ’o_> Integrator x(;)z_ax(t)+au(t)

a=0.1,1,or 10
a

Laplace transform, x(0) =0

a Py %
x(s)_(s+a)u(s) (d8) : X
Frequency response, s = jw ;

< Phase (deg)
x(jo) = ———u( jo) 5 X

( ] ()] + a) . Frequency (rad/sec)

Response of 15t-Order Low-Pass
Filters to Step Input and Initial
Condition

)'c(t)=—ax(t)+au(t)
a=0.1,1,0r 10

Step Resporse of Three Low-Pass Fiters Intal-Conaton Response of Three Low-Pass Flters
'

Smoothing effect on sharp changes 4



Frequency Response of
Dynamic Systems

Response of 15t-Order Low-Pass
Filters to Sine-Wave Inputs

sin(7)
u(t)=1 sin(21)

sin(41)




Response of 15t-Order Low-
Pass Filters to White Noise

Low-Pass Filter Response to Random Input

Input Amplitude

x(t)=—ax(t)+au(r)
a=0.1,1,or 10

Output Amplitude

Relationship of Input Frequencies
to Filter Bandwidth

Frequency Response of Three Systems sin(or)
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Bode Plot Asymptotes, Departures,
and Phase Angles for 1st-Order Lags

+ General shape of amplitude
ratio governed by asymptotes

+ Slope of asymptotes changes
by multiples of +20 dB/dec
at poles or zeros

+ Actual AR departs from
asymptotes

* AR asymptotes of a real pole

— When o =0, slope =0 dB/
dec

— When o = A, slope =—20 dB/
dec

+ Phase angle of a real,
negative pole
- Whenw=0,¢=0°
— When o =, ¢ =—45°
- When o ->», ¢ ->-90°

Magnitude (dB)

Phase (deg)

x(jo) = ——u( jo)
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2nd-Order Low-Pass Filter

¥(r)=-28w,%(1)- w}x(t)+w.u(r)

Laplace transform, |.C. =0

x(s)=

u(s)

s*+20w s+ o]

Frequency response, s = jw

u(jo)

x(jo) =

(jo) +2o,(jo)+ o}
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2"d-Order Step Response
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Amplitude Ratio Asymptotes and
Departures of Second-Order Bode
Plots (No Zeros)

Second-Order Lag Bode Plot

+ AR asymptotes of a
pair of complex poles
— When o =0, slope
=0 dB/dec
— When o = 0,
slope =—-40 dB/
dec
* Height of resonant
peak depends on
damping ratio
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Magnitude (dB)
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) 8

§ %

8

U8
=3

Phase Angles of Second-Order
Bode Plots (No Zeros)

Second-Order Lag Bode Plot
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* Phase angle of a pair

of complex negative
poles
— Whenw=0,¢p=0°
- Wheno =0, ¢ =—
90°
— When @ ->, ¢ -> -
180°

* Abruptness of phase

shift depends on
damping ratio
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Transformation of the System

Equations

Time-Domain System Equations
x(1)=Fx(t)+Gu(?)
y@)=H_x()+H u(z)
Laplace Transforms of System Equations
sxX(s)—x(0)=Fx(s)+Gu(s)
x(s)=[sT-F] "' [x(0)+Gu(s)]
y(s)=H x(s)+H,u(s) y



Transfer Function Matrix
Laplace Transform of Output Vector
y(s) = Hx(s)+ Hyu(s) = H [sI-F] " [x(0)+Gu(s)|+ H,u(s)
- [HX(SI—F)_I G+Hu]u(s)+HX [sI-F] "' x(0)

= Control Effect + Initial Condition Effect

Transfer Function Matrix relates control input
to system output
with H, = 0 and neglecting initial condition

H$)=H[I-F]'G (rxm)

15

Scalar Frequency Response
from Transfer Function Matrix

Transfer function matrix with s = jo

H(jo)=H_[jol-F]' G (rxm)

NUS) _ g oy=H [jol-F['G. (rxm)
Au;(s) ! ’ J

H,_ =i" row of H,

G, = j" column of G

16



Second-Order Transfer Function
Second-order dynamic system

oA ]
fa fo

x, (1
x, (t

hll
hy, h

o1,
)L

81 82
8 Jn

xl(t)
xz(t)

}{

Second-order transfer function matrix

ul(t)
uz(t)

H(s)=HA(s)G= [

(n=m=r=2)

adj

hll

(s—fll)
_f21

_flz
(s—f22)

|

hl 2
h21 h22
det

(r xn)(nxn)(nx m)
=(rxm)=(2x2)

_ (s—f“)
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_f12
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Scalar Transfer Function
from Au; to Ay,

H,(s)=

_kyny(s) kl.j(s" +b,_ s+ .+ bs+ bo)

A(s)

n n-1
(s +a, s +..+as+ ao)

Just one element of the matrix, H(s)

Denominator polynomial contains n roots

Each numerator term is a polynomial with ¢ zeros,
where ¢ varies from term totermand =n — 1

kij(s_zl)ij<S_Z2 i

(s=A)(s=2,)..(s=2,)

# zeros = q
# poles = n
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Scalar Frequency Response
Function

Substitute: s = jo

(o —2), (jo-2), - jo-z,),
(o —2)(joo - 2,) - jo 1)

= a(w)+ jb(w) — AR(w) e

Frequency response is a complex function of
input frequency, ®
Real and imaginary parts, or
** Amplitude ratio and phase angle **

H, (jow) =

19

MATLAB Bode Plot with asymp.m

http://www.mathworks.com/matlabcentral/

http://www.mathworks.com/matlabcentral/fileexchange/10183-bode-plot-with-asymptotes

2nd-Order Pitch Rate Frequency Response, with zero

Bode Diagram Bode Diagram

4/\ 4_.//\
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Desirable Open-Loop Frequency
Response Characteristics (Bode)

Control ter Plant
YAt —m ] ) |28 l_l—lnm |
* High gain (amplitude)
at low frequency -
— Desired response is 20 1081 G ) H (o)

slowly varying
* Low gain at high
frequency
— Random errors vary
rapidly
- Crossover region is 3G U
problem-specific

180"

Examples of
Proportional L@
Regulator Response



Example: Open-Loop Stable and
Unstable 2"9-Order LTI System
Response to Initial Condition

Stable and Unstable Response to Initial Condition
T T
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Example: Stabilizing Effect of Linear-
Quadratic Regulators for Unstable
2nd-Order System

muinJ = mum[%]i(xf +x; + nﬂ)dt}

0

x, (1)
ult)=—| ¢ ¢, =—c,x,(t)— c,x,(t)
x, (1)
For the r=1 r=100
unstable Control Gain (C) = Control Gain (C) =
system 0.2620 1.0857 0.0028 0.1726
Riccati Matrix (S) = Riccati Matrix (S) =
2.2001 0.0291 30.7261 0.0312
0.0291 0.1206 0.0312 1.9183
Closed-Loop Eigenvalues = Closed-Loop Eigenvalues =
-6.4061 -0.5269 + 3.9683i
-2.8656 -0.5269 - 3.9683i 24




Example: Stabilizing/Filtering Effect of
LQ Regulators for the Unstable 2"d-
Order System

Opon—Loop Unstable nnd LORCI Iosoo—Looa Response Cond

r=1
Control Gain (C

8 - Oponl.oo ) =

g s & /\ 0.2620 1.0857
2

g ov NA \/ \ \ / \ Riccati Matrix (S) =

;; / 22001 0.0291

0.0291 0.1206

Closed-Loop Eigenvalues =

AT [
— ;\/z \/\/ \/\ Contm

Control Gain (C) =
0.0028 0.1726

] Riccati Matrix (S) =
- 30.7261 0.0312

i T
.5~
8 \/\/ 0.0312 1.9183
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Example: Open-Loop Response of
the Stable 2"d-Order System to
Random Disturbance

Open-Loop Stable Response to Random Disturbance
T T T

{_EWWWMWWWW

Eigenvalues = -1.1459, -7.8541 |

e




Example: Disturbance Response of

Unstable System with Two LQRs

LQR Closed-Loop Response to Disturbance
T T T T T
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LQ Regulators with Output
Vector Cost Functions

28



Quadratic
Weighting of the A"“‘?T_Au(f sysam [ 20 5 140
Output

c ‘

|Ay(t) = H Ax(t) + H,Au(1)|

/= %I[Ay%)QyAy(t)]dr

= % | {[HxAx(t) +H,Au()] Q,[H,Ax()+H, Au(t)]} di

mijlj—rrtin%;f{[ AX () AW (F) ]

HXTQny HXTQyHu AX(7) 0
H“TQyHX HuTQyHu+R0 Au(z)

inJ 2 mi l]f |: AX” Au’ :| Q M, Ax(®) dt
min —mum20 X (1) Au (1) M! R,+R, Au(r)

Au(t) = Au,(t)— C,Ax(t)

29

_J State Rate Can Be

Aulf Ax() 1
_.(_- AU System T H,

ol Expressed as an Output
| to be Minimized

AX(t) = FAX(1)+ GAu(t)
Ay(t)=H Ax()+ H,Au(t) 2 FAX(1) + GAu(r)

J= %I[AyT(t)QyAy(t)]df = %I [ A% ()Q,A%(1) ]t
{ AX(1) 1} y
Au(r)

[ Ax() ”dt
0
Au(t) = Au.(1)— Cg,Ax(?)

Special case of output weighting

7=1 [ ) A () | For KOG
25 G'QF G'QG+R,

é%j{[ A (1) A (1) ]{ Qo M
0

Mg, Ry +R,

30



Implicit Model-

Aulh system |-2X0_ [ av0

Following LQ a0
Regulator LEF
Simulator aircraft dynamics

AX(t) = FAX(t) + GAu(r)

Ideal aircraft dynamics
Ax,, (t)=TF, Ax,, (1)

Feedback control law
Au(t) = Au(t)— C,, Ax(?)

Another special case of output weighting N

Implicit Model-Following
LQ Regulator

AX(t) = FAx(t)+ GAu(?)
Ax,, (t)=F, Ax,, (1)

If stmulation is successful,
AXx,, (1) = Ax(1)
and
Ax,, (1) =F, Ax(?)

32



Cost function penalizes difference between actual and
ideal model dynamics

J:

ce—3

% {[Axm— A%, (0] Q, [Ax(1)- Ax,, (t)]}dt

oo

J;J{[ AX(f)  Au(r) ]T

0

(F_FM)TQM (F_FM) (F_FM )TQMG
G'Q,(F-F,) G'Q,G+R,

T Tl Qup M, Ax
J‘{[ ax(p) Au(e) :I I: m? R, .+R ]l AIIZ; ]}dt

AX(t) H‘”
Au(r)

A

N | —

Therefore, ideal model is implicit in the optimizing
feedback control law

Au(t) = Allc (t)—CIMFAX(t) 33

Proportional-Derivative Control

Basic LQ regulators provide proportional control
Au(t) = —CAx(1) + Au,.(t)

Derivative feedback can either quicken or slow system
response (“lead” or “lag”), depending on the control gain sign

Au(t) = -C,Ax(t)— C,A%(1) + Au,. (1)

How can proportional-derivative
(PD) control be implemented with
an LQ regulator?

34




Explicit Proportional-Derivative Control
Au(t)=—C,Ax(1) £ C A (1) + Au,()

Substitute for the derivative

Au(r)=—C,Ax(1) £ C, [FAx(7)+ GAu(r)]+ Au.(?)
[17C,G]Au(t) =-C,Ax(t) £ C FAX(t)+ Au,(t)

Structure is the same as that of proportional control

Au()=[17C,G| ' [-(C, ¥C,F)Ax(1)+Au (1) |
2 _C,,Ax(1)+[IFC,G] " Au ()

Implement as ad hoc modification of
proportional LQ control, e.g.,

Py

Inverse Problem: Given a stabilizing gain matrix, Cpp, does
it minimize some (unknown) cost function? [TBD] 3

Implicit Proportional-Derivative Control

Add state rate, i.e., the derivative, to a standard cost function
Include system dynamics in the cost function

J = %T[AXT (DQAX(1) + AX (1)QAX(1) + Au” ()RAu(r) |dt

Penalty/reward for fast motions

J= %T{AXT (NQUAX(1) + [ FAX(1)+ GAu(r) | Q[ FAX(1)+ GAu(r) [+ Au” (RAu(o)

0
R Qp M, AX(1)
== AX' (1) AU (1) , ] dt
2 ;[ {[ ] M,, R, Au(r)
Must verify guaranteed stability criteria

Au(t) = —C,,Ax(t)+ Au(?)

36




cost Functions with

Augmented Sftfate Vector

37

Integral Compensation Can Reduce
Steady-State Errors

= Sources of Steady-State Error
= Constant disturbance
= Errors in system dynamic model

= Selector matrix, H, can

reduce or mix integrals

in feedback
Auc(t)h_

Au(f)

Integrator

}—

AX(t) = FAX(t) + GAu(?)

AE(1)=H,Ax(1)

System

ax(t

38



AR s 1. LQ Proportional-

Integral (P/) Control

Au(r)=—C,Ax(1)- C, [H,Ax(7)dT

2 —C,Ax(1)—C,AE(t)+ Au, (1)

where the integral state is

§(t)é‘:[H,AX(T)dT define %(t)é{ AEJX((;)) :|

dim(H,)=mxXn -

Integral State is Added Bl

to the Cost Function and ¢ >
the Dynamic Model o]

g il

rriinJ = %T[AXT ()Q Ax(t)+ AE" (z)QgAé’;(z) +Au’ (t)RAu(t)]dt

170 . | Q 0 .
_5£[Ax (t)l: 0 Q ]Ax(t)+Au (t)RAu(t)]dt

subject to Ay (r) =F, Ax(t)+ G, Au(r)

Au(r) =-C Ax(1)+ Au.(7)
=-C,Ax(1)-C,AE(t)+ Au.(?)

40




Integral State is Added to the Cost
Function and the Dynamic Model

Au(r)=—C Ay (1) + Au. (1)
=—C,Ax(t)—C,AE(2)+ Au. (1)

Au(s)=—C Ax(s)+Au.(s)
=—C,Ax(s)—C,A&(s)+ Au,(s)

=—C,Ax(s)-C, HAXGS) | g (s)
N
Au(s) = _CBSAX(S)+SC1HXAX(S) +Auc(s) Form of (m X n)
Bode Plots
= _Mm(s)+AuC(s) from Ax to Au?
N
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Actuator Dynamics and
Proportional-Filter LQ
Regulators

42



Proportional LQ Regulator: High-
Frequency Control in Response to
High-Frequency Disturbances

2nd-Order System Response with Perfect Actuator

roportional LOR Q = diag(100,100), R = 1 - Proportional LQR
el 1. < . Wi i - L : e e e
q Opewiowy | > [ Com-tow
0af Cimee-Looy | 0l | Camet-Locp ||
=% |
g oo g
. T o
" i
B !
o a0 !
o s ’ - o
o 0 n (] T W ™ T
Time Time o

Control

Disturbance, Control

= = = ¥ (EFS —
PR W ) ] 0 W G ™ )
Time Time 4 o3 22

\ v 01
Displacement

Good disturbance rejection, but may high bandwidth may be unrealistic
43

Actuator Dynamics May Impact
System Response

Taverted roller screw 44




Actuator Dynamics May Affect
System Response

Augment state dynamics to include actuator dynamics

[ A() }{ F G } AX(1) H 0 }Aw)
Au(t) 0 -K || Au@® I

s oo Ax(f)
Y

le, |
1%

| Control variable is actuator forcing function |

Av(t)= A, .., (1) =—C4AX(t)+ Av () is sub - optimal

45

LQ Regulator with Actuator Dynamics

Cost function is minimized with re-
defined state and control vectors

Ax(t
o iy | nel§ & ] et

minJ = %T[AXT (DQAX(1)+ Au” ()R, Au(t)+ Av' ()R, Av(t) |dt

15 . Q 0
A3

u

]Ax(t) + AV’ (t)RVAV(t)}dt

subjectto Ay (t)= F,Ax(1)+G,Av(t)

46



LQ Regulator with Actuator Dynamics

A Au(t
M AV Integrator 2 System Ax(@

K

c

A

Cc

B

AV(1)=—C Ax (1) + AV (1)
=—C,Ax(1)— C ,Au(r)+ Av.(1)

Av(s)= —CBAX(S) —C, Au(s)+Av.(s)

47

LQ Regulator with Actuator Dynamics

A A 2
MI-EL(O— Integrator ul System Ax(

Au(t) = —KAu(t)— C,Au(t) — C ,Ax (1) + Av . ()
sAu(s) =—-KAu(s)—-C, Au(s)— CBAX(S) +Av.(s)+ Au(0)

Control Displacement
[sI+K+C, |Au(s) = —C,AX(s)+ Av.(s)
Au(s)=[sT+K+C, | ' [-C,Ax(s)+Av(s)]

48



LQ Regulator with Artificial

Actuator Dynamics
LQ control variable is derivative of actual system control

{ A() ]:[ F G } Ax(1) ]+ 0 }Aw)
Au(r) 0 0 1

Au(r)
AV(IL:
au (var
ALC(? — Integrator Aul System £x
C,
Cs

Av(t)=Au,, (1)=—-C,Ax(t)—C ,Au(t)+ Av .(7)

| C, introduces artificial actuator dynamics | 49

QT:—LJ s=en - Proportional-Filter
- DT (PF) LQ Regulator
0
]

Ax(t) F G
Ax(t)=[ Auct) } F;F[ 0 0 }; Gf{
AV(8) = Ao () = —C xAx(t) +Av (1)

Optimal LQ Regulator

C, provides low-pass filtering effect on the control input

Au(s)=sI+ CA]_1 [—C,Ax(s)+Av,(s) |

50



Proportional-Filter LQ Regulator
Reduces High-Frequency Control
Signals

2nd-Order System Response

e Proportional-Fi er LQR “Vo-diag(loogoo‘!),nn
03 \: Comsionl| odf e |
=
gﬂl o
S o =
2, Ca
a3 &
-0t =
Time
# @ &
=
B <y
& £
8 £ .
| S,
| 8
E | é o
5
B | 5§ 4
oy k]
- " [~ . - . < o 0
s : W s ~ o 5 % " »
Time Time Displacement

... at the expense of decreased disturbance rejection

Next Time:
Linear-Quadratic Control
System Design

52
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Supplemental Material

53

Implicit Model-Following Linear-
Quadratic Regulator

Model the response of one airplane with
another using feedback control




Princeton Variable-Response
Research Aircraft (VRA)

43 TELEMETRY
DUAL-REDUNDANT CHANNELS
ELEVATOR, AILERONS,
AND SIDE-FORCE PANELS

INEENRTIAIS_ \
SENSOR! ,)
ANALOG VARIABLE-

P RESPONSE SYSTEM
. \\_ 4 f3

NAVION NSISGG-L

"AUTOMATIC
GO-ARQUND"
ABORT MODE \

™\ MICRQ PROCESSOR
DIGITAL FLIGHT
CONTROL SYSTEM

TWO-PILOT
\ OPERATION
MICROWAVE LANDING SYSTEM |

L

AIR DATA SENSORS
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