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ẋ
=

f
(x

,u
,t)

to
fo

llo
w

a
n
a
d
m
issib

le
tra

jecto
ry

x
⇤
th

a
t
m
a
xim

ize
th

e
p
erfo

rm
a
n
ce

m
ea

su
re

(p
ayo

↵
)

P
=

g(x
(tf ),tf )

|
{z

}
term

in
a
l
p
ayo

↵

+
Z

tf

t0
r(x

(t),u
(t),t)

|
{z

}
ru

n
n
in
g

p
ayo

↵

d
t.

In
th

is
lectu

re,
w
e
a
ssu

m
e
th

a
t
U
a
d
d
en

o
tes

th
e
set

o
f
a
ll
a
d
m
is-

sib
le

co
n
tro

ls:

U
a
d

:=
{
u
:
R
+

!
U

:
u
=

u
(·)

is
m
ea

su
ra

b
le

a
n
d

sa
tisfi

es
co

n
stra

in
ts}

,

1
4



a
n
d

U
=

[�
1
,1

] n
:
sym

m
etric

a
n
d

co
n
vex.

•
B
a
sic

p
ro

b
lem

T
o

fi
n
d

a
co

n
tro

l
u
⇤
=

u
⇤(t)

2
U
a
d
w
h
ich

m
a
xim

ize
th

p
ayo

↵

P
[u

⇤]�
P
[u
],

u
2

U
a
d .



⇧
M

a
in

q
u
estio

n
s

1
.
D
o
es

a
n

o
p
tim

a
l
co

n
tro

l
exist

?
(E

xisten
ce

o
f
o
p
tim

a
l
co

n
-

tro
l)

2
.
H
o
w

ca
n

w
e
ch

ara
cterize

a
n

o
p
tim

a
l
co

n
tro

l
m
a
th

em
a
tica

lly
?

(ch
ara

cteriza
tio

n
o
f
o
p
tim

a
l
co

n
tro

l)

3
.
H
o
w

ca
n

w
e

co
n
stru

ct
a
n

o
p
tim

a
l
co

n
tro

l
?

(rea
liza

tio
n

o
f

o
p
tim

a
l
co

n
tro

l)



T
w
o

e
x
a
m

p
le
s

1
.
C
o
n
tro

l
o
f
p
ro

d
u
ctio

n
a
n
d

co
n
su

m
p
tio

n

x
(t)

:=
a
m
o
u
n
t
o
f
o
u
tp

u
t
p
ro

d
u
ced

a
t
tim

e
t�

0

⇧
A
ssu

m
p
tio

n
s:

•
W

e
co

n
su

m
e
so

m
e
fra

ctio
n

o
f
o
u
tp

u
t
a
t
ea

ch
tim

e

•
W

e
rein

vest
th

e
rem

a
in
in
g

fra
ctio

n

1
5



L
et

u
=

u
(t)

b
e
th

e
fra

ctio
n

o
f
o
u
tp

u
t
rein

vested
a
t
tim

e
t�

0
,

0


u


1
.
In

th
is

ca
se(

ẋ
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ẋ
=

M
x
+

N
u
,
t
>

0
,

x
(0

)
=

x
0
.

T
h
en

b
y
D
u
h
a
m
el’s

fo
rm

u
la
,
w
e
h
a
ve

x
(t)

=
�
(t)x

0
+

�
(t)

Z
t0
�

�
1(s)N

u
(s)d

s.

N
o
te

th
a
t

x
0
2

C
(t)

(
)

x
(t)

=
0

(
)

x
0
=

�
Z

t0
�

�
1(s)N

u
(s)d

s,
fo
r
so

m
e
u
2

U
a
d .



•
T
h
e
o
re

m
(G

eo
m
etry

o
f
rea

ch
a
b
le

set)

R
ech

a
b
le

set
C

is
sym

m
etric

a
n
d

co
n
vex,

i.e.,

(i)
x
0
2

C
=
)

�
x
0
2

C
.

(ii)
x
0
,x̂

0
2

C
,�

2
[0
,1

]
=
)

�
x
0
+

(1
�

�
)x̂

0
2

C
.



K
a
lm

a
n
’s

ra
n
k

th
e
o
re

m
(1

9
6
0
)

C
o
n
sid

er

ẋ
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ż
=

M
tz

+
N

tu
is

co
n
tro

lla
b
le
.



L
a

S
a
lle

’s
B
a
n
g
-b

a
n
g

c
o
n
tro

l

U
a
d
:=

{
u

:
[0
,1

)
!

U
=

[�
1
,1

] m
:

u
is

m
ea

su
ra

b
le}

.

•
D
e
fi
n
itio

n
L
et

u
2

U
a
d .

u
=

(u
1
,···

,u
m
)

is
a

b
a
n
g
-b

a
n
g

co
n
tro

l
(
)

|u
i(t)|

=
1
,

8
t
>

0
,
i
=

1
,···

,m
.

•
T
h
e
o
re

m
(B

a
n
g
-b

a
n
g

p
rin

cip
le)

(
ẋ
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