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Co se dnes dozvime?

Co to je a k Cemu je dobra linearizace systemu
Jak nelinearni system linearizovat

Jak porovnat chovani nelinearniho a linearizovaného
systemu
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Co je linearizace?

vytvoreni linearniho systému, jehoz chovani je velmi
podobné chovani puvodniho nelinearniho systému

o vyhody
jednodussi reSeni diferenCni rovnice, presnéjsi simulace
jednodussi analyza chovani systemu
jednodussi navrh regulatoru

o nevyhody

chovani linerizovaného systemu ne zcela souhlasi s
chovanim nelinearniho systému

aproximace je mozna pouze v omezenem rozsahu
pracovnich podminek
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Princip linearizace
linearni funkce: f(ax,+ bx,) = af(x,) + bf(x,)

linearizace krivky

y = kx + g neni linearni funkce

y=f(x)

prirastkovy tvar:

Ay = kAx
i
dx|,

linearizace plati v blizkém okoli
pracovniho bodu [X,,y,]
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‘ Vicerozmerny pfipad — skalarni funkce

y:f(x1,...,xn),yo =f(x1o,...,xn0)=f(x0)
of o of

y:y0+a_x1 (%= xp0) . '(xz_x20)+"’+g (X, = x,0) +

Xp n1xq

Xo

Ay = k,Ax, + k,Axy +---+ k Ax,
Vicerozmerny pripad — vektorova funkce

y="F(x;....x,), Yo =F(x10,.- %0 ) =F(X;)
Y =f1(x1,...,xn)
Vs =f2(x1,...,xn)

Y, =fn(x1,...,xn)
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= V.o +
Y1= V1o 8)61
0
Vo =Voo T f2
Ox,
of,
= —|— n
yn ynO ax1

91

Xo

Xo

Xo

o 19
-(x1—x10)+£x -(xz—x20)+---+a—£lx (x, —x,4)+
%) 19
-(x1—x10)+£x -(xz—x20)+---+a—f:ix (3, ~ 5,0 )+
19 o
-(x1—x10)+£ .(xz_x20)+...+a§ (x, —x,0)+
2 Ixg " 1Xg

Ay, =k Axy + ki Axy +-- + by, Ax,

Ay, =k Axy + ko Ax, +- -+ Ky, Ax,

Ay, =k Ax,+k Ax,+---+k Ax
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Linearizace systemu 1. radu

H W)=k -T-\[2g -2 «/h(t T)+h(t—T)+§ ((—T)
Q(t)

', :—k-T-\/E-FZWWLh(fH%Q(f)

h(t)

Po

<
=\,

volba pracovniho bodu ~ rovnovazny stav systemu

Si—h—Q k-S,\2gh i—hzO i
t t Oy =k -S8,/28h,
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:_k.T.@.%m+h(t)+§Q(f)

=1 (h(t),0())

A
oh

() -+ 2
(h(2) h°)+8

'(Q(t)_Qo)

hy, Oy

N :[_k.T-\/g.S ](h(t) o)+ T (0()-0,)

hO ’QO

2h, S 1

A =a,-Ah(t)+b-AO(¢)
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‘ model nelinearniho systemu

hO

: h(t+T) 1 h(t)

Rl
Step T/S1 — z

Add Unit Delay Scope
% }
k*T*sqrt(2*g)*S2/S1 Sqrt
model linearizovaného systemu
0

\4

Q) :I Delta Q1) i
Add1 T/S1 *

Add Unit Dela
! y Add?2 Scope

Q0 Q0 K-
ho ho

k*T*sqrt(g)*S2/S1/sqrt(2*h0)+1
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h(t) [m]

S, =25cm* =25-10"m?,S, =0.1cm* =1.10°m?,k =1, T =1s
h,=0.2m, O, =k-S,\2gh, =1.98-10°m*/s
A =0.98-Ah(r)+400-A0(¢)

Q(t) —skok zQ, 05% v Caset=100s Q(t) —skokz Q,0 10% v Case t = 100s

vyska hladiny vyska hladiny
0.225 w w w 0.25 I \
0.22} - 024 - ‘
| =—e==nelinearni model -—o—nelinearni model
0215 & _________._|==e—linearizovany model | | 023 ) |==e=linearizovany model | |
| | E I I
021 -—ff - R SRR e o022 SR S S— 1
0208 - Jf 021 e,
0.2 1 1 1 1 02 : : : :
0 200 400 600 800 1000 0 200 400 600 800 1000
t[S] t[S]

MAS 2007/08 CVUT v Praze 11 - Linearizace diskrétnich systému 12/32



Q(t) — skok zQ, 0 50% v €ase t = 100s Q(t) — skok z Q, 0 -5% v €ase t = 100s

1000

T
”
©
= 0
()
- £ %
\\\\\\\\\\\\\\\\\\\\\\\\ o =
= [o0]
ES
=)
T N
25 o
Fol R R SRR = S
© C = ©
o
]
X
g S 1S
> <
o
F=m—=——q------m------p------1g o
(V]
|
|
|
| |
” ”
| |
| | 0
(p] N Yo (0] Tp] [o0]
N A o A o
o o o
[w] ()y o
o
o
-

=——o—|inearizovany model

-—¢—nelinearni model

vyska hladiny

800

035 -

[w] )y

t[s]

t[s]
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Q(t) ~ Qg + 0.1sin0.02t Q(t) ~ Qy + 0.5sin0.02t

vyska hladiny vyska hladiny
024 T T T 04 I I T T
-—o—nelinearni model i =—o—nelinearni model
023r--A & —eo—|inearizovany model 0.35+ Sqmmmmm e —e—|inearizovany model
022 -% ¥ % "+ "N -® - o3r-¥--®/--—-——-—---—--¥F B ---—"--F- 8-
0o21- 4% 8 Q% ¥ % g0 % ¥ % F YV
02 - R{ % A SE T o028 % KR F R
0.19r--------R----f--4---- s 015, % N . &
018 777777777 | 777\ 7777777777777 4177 01 **********************
017 : : : O 05 ] | |
0 200 400 600 800 1000 0 200 400 600 800 1000
t[S] t[S]

linearizovany model |ze pouzit pouze v blizkem okoli
pracovniho bodu
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h(t) [m]

hy=0.4m, O, =k-S,\]2gh, =2.8-10°m°/s

A =0.986- Ah(f) + 400- AO()
Q(t) —skok zQ,05% v Caset=100s  Q(t) —skokz Q, 0 5% v Case t = 100s

vyska hladiny vyska hladiny
0.45 ‘ ! ‘ 0.45 : : ‘
‘ . | ==e==nelinearni model

—o—|inearizovany model

0.44 044 R
0.43 o4z ff ]
|§| | | | |
042 I 37” ——e=—=nNelinearni model h0=0.4m
| linearizovany model h =0.2m

0.41 oa1l- & 17” -——e==linearizovany model h0=0.4m ||

0.4 1 1 1 1 0.4 | | | |

0 200 400 600 800 1000 0 200 400 600 800 1000

t[s] t[s]

linearizovany model |ze pouzit pouze spocteny ve
spravnem pracovnim bodé
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Linearizace systému 2. radu

M (t) —mglsin o(¢) = Je(t) = ml*o(¢)

6(1) + glsin o(r) = m(t)
- . (0) =o,,
SO0 gno =140 20

2 2

8 in (p(t—2T)+T—12M(t—2T)
m

(1) =29(t=T)—o(t-2T) -

2 2

81 Sino(r) + - 1 (1)
ml

o(t+2T)=20(t+T)—(t) -
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X (1) = o(2), u(r) = M (1)

stavovy popis

X (t+T) = x,(2)

gT? . T?
x,(t+T)=—x,(¢) —Tsm x,(t) +2x,(¢) +7u(t)
m

y(1) = x,(2)
x1(0) = ¢(0), x,(0) = (T

(4 T) = [0 @0u0) 50y = fx(0),u()
%+ T) = f(0(0).%0.u()) 0y 2 gx(),u(r)
y(t) = g (o, (1), x, (1), u(1))
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volba pracovniho bodu ~ rovnovazny stav systému

o z diferencni rovnice

P, o(T) :(Po’(wo =0), M, =mglsing,

o ze stavoveho popisu

Xo(t+T) =x,4(2) =X, X0 (£ +T) = X0 (£) = Xy
= Xyg = Xyq = Py, Uy = My =mglSINn @y, yy = ¢
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linearizace
X, (t+T)=x,(1)

oT? . T?
X, (t+T)=—x,(¢) _Tsm x,(2) + 2x,(2) +7u(t)
m

y(1) = x,(7)

Ax (1 +T) = Ax, (1)

xz(t+T):x20(t+T)+% -(x1(t)—x1o(t))+2ﬁ '(xz(t)_xzo(t))+
+ L2 () -, (0)

2 2
A, (¢ +T) = [—%cos)cm —1)Ax1 (£) + 2Ax, (¢) +n7;—12Au(t)

Ay(t) = Ax; (1)
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maticovy zapis linearizovaneho systemu

Ax, (1) | [ Ao(t)
AX(1+T) = AAX()) +BAu(r) A% = sz (f)} ) {

]Au(t) =AM (t)

Ay(t) = CAX(¢) + DAu(t) Ay(t) = Ax, () = Ag(?)
I 0 11 [0

A= —(gTZ c03x10+1j 2B T2
I / | ml®

C=[1 0],0=[0]
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‘ model nelinearniho systemu

Vstup

M(t)

M(t)

T*T/(m*I*1)

Vstup

\4

Add1

Delta M(t)

Xx(0)=9(T)  x4(0)=9(0)
< phi(t+2T) phi(t)
Add
2
\K-Iii sin
g T*T/I Sin
model linearizovaného systému
T*T/(m*I*]) 0 0
o Delia 21| [ | [Beliaey] [ | [Beiaxim)
Add UniTeme Unit Delay2 .

MO

4

!

Add2

q*T*T/I*cos(phiO)+1

phi0

180/pi

Scope
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m = 0.2kg,/ =0.5m
?y :Oo(xlo = X9 :O), MO =m-g-l-Sing00 =0Nm

M(t) —skokz0Ona0.1vcaset="1s

T = 0.01s — Spatna volba periody vzorkovani

25

poloha kyvadla

20

15

10

o () [°]

=—o==nelinearni model
—eo—|inearizovany model

o (O[]

16
14
12

T=0.0001s

poloha kyvadla

=—o==nelinearni model
==e—=|inearizovany model
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P :Oo(xm = Xog :O),MO =m-g-l-8ing00 =0Nm

M(t) —skokz0Ona0.2vcCaset=1s

poloha kyvadla

35

I
0 N

¢ (H) ]

=—e—nelinearni model
——eo—|inearizovany model ||

M(t) —skokz0Ona0.5vcaset="1s

poloha kyvadla

=—eo—nelinearni model
—————————————————————— —e&—|inearizovany model
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@y =5°(x,, = X,y =5°), M, =m-g-1-sin g, = 0.086Nm

M(t) —skok z M, 0 100% v Case t=1s  M(t) — skok z M, 0 400% v Case t = 1s

poloha kyvadla poloha kyvadla
18 I I I I 60 ; ; T T
| . | =—e=nelinearni model | | ——e==nelinearni model
16F--------4--------- - - | ==e=inearizovany model |- 501 [ || =e=linearizovany model
AR A A A A AR
: : : 401 | B

~2 ARV IV L - |
S | | | =30 ;
= 10r----—-ff- R4 R B R RERA =< 3

gL ey Ry RE- Y RS 20F----- "*i ;

s 1M W U U U Ty 4 |

4 1 1 1 1 | | | ‘

0 2 4 6 8 10 00 2 4 6 8 10
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180°(x,, = x,, =180°), M, =m-g-/-sin g, =0NmM

Py =

M(t) —skok z0 na10°v Case t = 1s

poloha kyvadla

poloha kyvadla

—e—elinearni model

—&—|inearizovany model

‘—O—nelinearni model ‘

1400

10

10

t[s]

{[s]
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0, =180°(x,, = x,, =180°), M, =m-g-I-sin ¢, = ONm

M(t) —skok z0 na 10°v Case t = 1s

poloha kyvadla
400 !

I
=—e—nelinearni model

=—o=|inearizovany model

350

300

¢ (O[]

250

200

150
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Linearizace systému vyssich radu
ze stavoveho popisu

5 (4T) = £,06(0)0n ., (0),u(0)
%t +T) = £, (0)se v, (1), (1)

x,(t+T) = f,(x(),.... x, (1), u())
y(1) = g(x,(2),.... x,(2),u(t))

nelinearni systém " linearizovany systéem
X(t+T)=F(x@).u(t) —  Ax(t+T) = AAX() + BAu(r)
y(t) =9(x(2), u(?)) Ay(t) = CAX(¢) + DAu(r)
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o,
ou

og
ou

0_

X10,X20,...

an

pracovni bod

y X0 Ugsr Vo -
= f1(X10s--01 X0, Ug)
fz(xm’ no’”o)

= f (Xy0eee1X,0:Up)

} Vo = &(X10s001 X0, Up)
0
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Kontrolni otazky

ProcC linearizujeme nelinearni systéemy?

V €em spociva princip linearizace nelinearnich systému?

Jaké podminky musi splfiovat linearni funkce?

Jakeé je charakterizovan klidovy pracovni bod a jaké souradnice ma?

Jak pomoci simulace ovéfime, ze se systém nachazi v klidovém
pracovnim bodé?

Jak vypocteme soufadnice klidového pracovniho bodu?

Jaky tvar ma stavovy popis nelinearniho a linearizovaného systému 1.
radu?

Jaky tvar ma stavovy popis nelinearniho a linearizovaného systému 2.
radu?

Zlinearizujte systém nadrze s pritokem ve Vami zvoleném pracovnim
bodé a pomoci simulaci zjistéte rozsah platnosti linearizovaného modelu.

Zlinearizujte systém kyvadla ve Vami zvoleném pracovnim bodé a Vami
zvolenymi parametry a pomoci simulaci zjistete rozsah platnosti
linearizovaného modelu.
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Zlinearizujte model systému kuliCka na tyCi ve Vami zvoleném pracovnim
bodé. Parametry modelu volte R = 10mm, r = 7mm, T = 0.1s. Porovnejte
chovani nelinearniho a linearizovaného modelu v okoli pracovniho bodu.

"‘ ; H _-___-______———————_..

AR x(t)=2x(t-T)+x(t—2T) = KT?*sino(t - 27)
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Uvazujme systém seskoku padakem, kdy je paraSutista nadlehCovan
silou stoupaveého proudu teplého vzduchu F(t). Tato sila bude vstupni
veliCinu systému, vystupni veliCinou bude rychlost parasutisty v(t).
Diferencni rovnice popisujici systém pak ma tvar

mAv(t_T) +Bv(-T)=mg-F(t-T) < v(t)—m_BTv(t—T):gT—zF(t—T)
At m m
@‘S B L,
Y

v
F mg

Je tento model linearni? Pokud ne, linearizujte jej ve Vami zvoleném
paracovnim bodé a pomoci simulaci oba systemy porovnejte. Uvazujte m =

80kg, B = 270Ns/m, T = 0.01s.
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U predchoziho prikladu je realnéjsi uvazovat odporovou silu vzduchu
umeérnou kvadratu rychlosti parasutisty. Diferen¢ni rovnice pak ma tvar

) B2 1Y Cme— F(-T) o
Al
o) =v(t-T)+ 2L =Ty = o= L P (1)

Model linearizujte ve Vami zvoleném paracovnim bodé a pomoci simulaci
oba systémy porovnejte. Uvazujte m = 80kg, B = 100Ns/m, T = 0.01s.
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