Discrete-time controllers
structures and tuning



PID regulatory — spatnovazbove
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Proportional feedback gain K;

* Proportional control : u,(t)=K e(t)

* Feedback control c(t) Is linearly proportional
to the error:  e(t) = r(t) — y(t)

« Steady state error will decrease
ess(t) = tl@o{e(t) =r(t) —y(t)}
* Faster response

* Too much gain will make the system
unstable



Integral feedback gain K,

Integral control:  u,c) =k, [eccd-
Penalty on the past error
Zero steady state error

Destabilizing influence
— It gets oscillatory as K, increases



Derivative feedback gain K,

Derivative control: up (1) =Ky 2

Stablilize the system:
— reduce oscillatory behavior

Create a damping effect in the system
dynamics

It makes system slow down



Continuous regulator: principle of PID
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The proportional factor K, generates an output proportional to the error, it requires a non-
zero error to produce the command variable.

Increasing the amplification Kp decreases the error, but may lead to instability

The integral factor Ki produces a non-zero control variable even when the error is zero,
but makes response slower.

The derivative factor K, speeds up response by reacting to an error step with a control
variable change proportional to the step.



PID response

too much proportional
factor: unstable

differential factor
\ Increases responsiveness

{ asymptotic error: J

% no remaining error, proportional only

but sluggish
/ response:
integral only




Performance specifications of the closed loop
system (step response)

» Steady state error:

€ss — ||m e(t) ol
t—00

» Maximum oversh "

0.93yss

Ymax — Yss
» Delay time:
* Rise time:

» Settling time:




Digital control systems

yref(t) + e(t
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l Perturbations

Digital realisation of an “analogue type” controller

System

y(t)
B SN

ADC- Digital controller - DAC should behave the same as an
analogue controller (e.g. PID type), which implies the use of a high
sampling frequency (the algorithm implemented is very simple)

Bad use of the potentialities of the digital controller

“Il ne suffit pas de mettre un TIGRE (microprocesseur ou DSP) dans

son régulateur, il faut rajouter de l’intelligence”



Digital control systems | Ts

l Perturbations

y(1)

y(lf)

Yr-ef(ls)‘eﬁi) sigrar (K u(t)

y Controller

System

Discretized System

The sampling frequency is chosen in accordance with the bandwidth
desired for the closed-loop system

Intelligent use of the "computer” : high sampling period and then
implementation of complex algorithms requiring greater computation
Time.

Not only a copy of analogue control : BRAINWARE
Discrete-time system models v(K) = FIy(k-i), u(k-j)]
and or
digital control algorithms 6(z') =z B(z1)/A(z )



Choice of sampling frequency

lSe= LS (50,2515 e 5

NO more

Q)

L5 . bandwidth of the closed-loop system

fs : sampling period

If fs is fixed => limit for f°L; (= fs/15)



Uvod do prepoétov spojitych
reguldtorov na diskrétne formy

» Idedlne ..textbook" PID reguldtory
* Neidedlne formy a opisy PID reguldtorov

* Podmienky ekvivalentnosti spoy’rych a
diskrétnych PID reguldtorov vzhl'adom
na periodu vzorkovania

» Rekurentné formy - diferenéné rovnice
diskrétnych PID regulatorov

* PID reguldtory s ohranicenim riadiaceho
zasahu




Zakladné spojité formy PID regulatorov

_ L de(t)
u(t) —K{e(t)+];joe(r)dr+Td o }
r, =K
] r K
G.(s)=K 1+];S+Td(s)}:r0+;+rls r, ==
r,h =KTy

Neidedlna forma opisu PID (realizovatel'nd)

Ts 1+Ts Tr dt
e
ff =T *(1/T*Dirac(t)-1/T 2*exp(-1/T,))

-
GR(S)=K£1+ L TS j u(t):K(e(t)+_%_[edt+T—dd—ee—“Tf)

Neidealizovany (redlny) PID reguldtor obsahuje v derivalnej zlozke
oneskorovaci ¢len (zabezpecujudci realizovatel'nost derivacnej zlozky).



Zakladné diskrétne formy opisu PID regulatora

Prenosova funkcia diskrétneho regulatora v s a z-oblasti :

1 U(s)

1 2
L] Gi(s)=K(1+—+T,s)= )=tz +0y2 _Ucz)

—G,(z

Ts E(s) 1-z7" - E(z)

u(k)=u(k-1)+qg,e(k)+qg,e(k-1)+qg.e(k-2)

z-1 _[G.(s)
2. Gg(2) =G .Go(2) = Z{ R }
Z S
-1 -2
G.(s)=K(1+ 1, Tgs zu(s)_)GR(Z)ZCIOJrollz_1 +q22_2 _Ucz)
T,s 1+T,s E(s) 1+p,z2" + P,z E(z)
[T T, T
QO—K(l—l'%j q, = |:_d+(T_d_1)D1:| P :Dl —1
f i P, —=—D
a, :—K£1—Dl +2T—d—lj - : 1
T T D, =-€e

u(k) =—pu(k —1)— pu(k —2) + qe(k) +qelk—1) + g,e(k —2)




Doplnok :

Ako urcit’ origindl k derivacnej zlozke

1 T,s U(s)
G.(s)=K(1+ = )=
: Ts 1+T,s  E(s)
3 - 1 1 3
S+ ——
L’1{ T4s }=L14 a S >:L—1<Td T, T
1+T,s f g L T, s+1
f f

L= LS

—(

ff =T*(1/T¢*Dirac(t)-1/T Z*exp(-1/T;)




Zakladné diskrétne formy PID regulatorov (DPID)

1. Ak nahradime integrdl v spojitej verzii sumou (obdlznikova ndhrada)
derivdciu diferenciou prvého rddu, potom v k-tom diskrétnom kroku
riadiaci zdsah je vyjadreny

uck) = K{e(k)+—2e(l 1)+—(e(k) e(k - 1))}

i 1=1
kde P - je koeficient zosilnenia odpovedajlci proporciondlnemu zosilneniu
spojitého PID reguldtora, T, - resp. T,su koeficienty odpovedajice
integracnej resp. derivacnej ¢asovej konstante spojitého reguldtora
Rekurentny vzt'ah pre riadiaci zasah sa urci rozdielom u(k)-u(k-1)

k — u(k)= K[e(k)+—2e(l 1)+%(e(k)—e(k—1))}

i i=1

_ odcitanim

|I1

kKl —  L(k-1)-= K[e(k 1)+—Ze(| 1)+—(e(k 1)-e(k - 2))}

Au(k)—u(k)u(k1)—K[e(k)e(k1)+Ie(k1)+?(e(k)2e(k1)+e(k2))]



aulk) =u(k) -u(k—1) =K| e(k)—e(k—1)+ —e(k~1)+ = (e(k)-2e(k -1 +e(k-2))

_ K(1+TT—d)e(k)—K(1+2T—d—1)e(k—1)+KTT—de(k—2)

i T T :

| |
G o
u(k)=u(k-1)+qee(k)+q,e(k-1)+q,e(k -2)

_— l .

_ 1y — k|1-Liok _ T
qo_K[1+Tj & ( T,.+ T %-K?
Podmienky ekvivalentnosti :

0o>0

J:~- Qo

-(do*d1) <d,< gy




PCH - PID REGULATORA-PODM.EKVIVALENTNOSTI

u(k)|

Jo

Jo-02

Ootdy + 0y

Jo>0

.................. 41>-0o
r 200+0 -(0o*+0y) <0,< G

t=KT



PCH - PID REGULATORA-PODM.EKVIVALENTNOSTI

u(k)|

K(1+cy)

Kc;

K(1+c)

cqy>0
c.>0

C < C4

t=KT



PCH - PT REGULATORA-PODM.EKVIVALENTNOSTI

A

u(k)

Opt0;

Jo

t=KT



Iné formy a vyjadrenia diskrétneho PID regulatora

Au(k) =u(k)-u(k-1)=K e(k)—e(k—1)+1TTe(k—1)+Tr—d(e(k)—2e(k—1)+e(k—2)) =

T Je(k-1)+K e(k-2)
T T

:K(1+T—d)e(k)—K(1+2T—d—
T T

w(k)=w(k-1)=w(k-2)

v

WK ) -y (k) -w(kZ1) +y(k 1)
u(k)=u(k -1)+K +_ITTe(k—1)+ -

Tl_—d(w(k)—y(k)—2w(k —1)42y(k—1)+w(k—-2)-y(k-2)

=u(k—1)+K[—y(k)+y(k—1)]+KI—e(k—1)+KTT—d[—y(k)+2y(k—1)—y(k—2)]

Takahashiho vzt'ah (feedforward forma diskrétneho PID-u):

u(k)=u(k—1)+K[—y(k)+y(k—1)]+Kl—e(k—1)+KTr—d[—y(k)+2y(k—1)—y(k—2)]



2. Ak nahradime integradl v spojitej verzii sumou (lichobeZnikova nahrada)
derivdciu diferenciou prvého radu, potom v k-tom a k-1 diskrétnom kroku
riadiaci zdsah je vyjadreny

i K{e(k) /(6(0) ) z o(i)]+ 2 ek) ek~ 1))}

| =1

-
u(k—1) = K{e(k D+ Lkl S e(i)] + 2 elk-1)-e(k- 2))}

Td

u(k)zu(k_uﬁ{e(k)(u Jrelk—1)(142

0
/ i
T T T T
=K|1+—+-4 =—K|1+2-%—
qy [ q, ( T oT




Prenosova funkcia diskrétneho PID regulatora

Au(k) = qoe(k) + qle(k —1) + qze(k —2)

ZU(K)} = Zu(k =1} = Z{qpe(K) } + Z10,e(k — D} + Z{0,e(k - 2)}

NV N L

U(z)~z"U(2)=q,E(z) + 9,z E(2) + ¢,z E(2)

U)(A—z )=(q, +q,z ' +g,z )E(z)

G.(z)= 9o +Q1Z_1 +Q2Z_2 _ O(z2) _ U((z)
" 1—z" P(z) E(2)




Podmienky ekvivalentnosti PID a PSD regulatora
u(k)=u(k-1)+q.e(k)+g,e(k-1)+qg,e(k-2)

e(k)=1k)=""1 pre k=0
O pre k<O

k=0 u(0)=q,
k=1 u(l) = u(0)+q,+q, = 29, +9,
k=2 u(2) = u(l)+q,+q,+9, = 39, +29, +q,

u1)<u(0)  20,+0,<d, G +% <0  q,<=d,  [CIIEIO
uCk) >u(k-1) pre k=2

u(k)>u(k-1) prek>=2 q,+q,+Q,>0 alebo qg,>—-(q,+q,)
Podmienky ,ekvivalentnosti®;

q, >0 q, <49 _(QO+Q1)<Q2<QO




u(k)|

Jo

Jo-02

! 20+0;

Ootdy + 0y I

Qo >0
d:>-0o
-(0ot01) <0,< g

t=KT



Ina ekvivalentnd forma vyjadrenia diskrétneho PID regulatora

K=q,—9g,

q S
‘=K
c ~Go+a +q,) .
‘ K

Gr(2) =

7
T T
7 T
7 —»Ki:K?’chl-

Kl(1+cd) +(c, —2c, —1)2_1 +cdz_2J B

=K| I +¢

(rkoz0)

Podmienky ekvivalentnosti PSD regulatora s PID reguldtorom

| )
_ % +q,.Z2 +4,z

c,>0 ¢ >0 ¢ <c,
Kll+c, +c)+(-2¢, -Dz ' +¢,z7°
GR(Z): ( d 1) 1(_2_;1 ) d
-1
=K|1+c, = —+c,(1-z7) _U@
= E(Z)

-z




Upraveny tvar DPID

Velmi casto sa odchylka nahrddza e(k)« e(k-1), cim sa dosahuje
okamZité posobenie riadiaceho zdsahu na proces. Tdato zmena sa
prejavi aj v prenosovej funkcii reguldtora na integracnej zlozke,
ktora neobsahuje v Citateli clen z-!,

K[(1+cd+ci)+(—20d—1)z‘1+cdz‘2J K=q,—¢g,
Gp(z)= E =
-z . _9
d
) 4| U(Z) g+aq,z" +q,27 &
_Kl:].-l-Ci _Z_l +Cd(1—Z )j|—E(Z)— 1_2_1 C.:(q0+ql+q2)
' K

Paralelna forma diskrétneho PID regulatora:

Riadiaci zasah podl'a (rkozO) je potom tvoreny sictom jednotlivych zloZiek

u(k) =u, (k) +u; (k) +u, (k)

Proporciondlna zlozka: u,(k)=Ke(k)=(q, —q, )e(k)
Integracna zlozka: u (k) =u(k—1)+ Keelk —1)=u(k—1)+(g, + ¢, +q,) elk —1)
Derivaénd zloZka: u, (k)= Kc,e(k)—K c,elk—1) = g,|e(k)—e(k—1)]



Vynechavanim jednotlivych koeficientov gq;, pre i=0,1,2 dostaneme rozne
struktdry diskrétnych reguldtorov.

Ak vo vzt'ahu (rkozO) polozime q2=0, dostaneme prenosovd funkciu
diskrétneho regulatora v tvare:

G.(y=do 9z _UE (rkoz1)
* 1—z" E(z)

Diskrétny reguldtor opisany vzt'ahom (rkozl) voldme diskrétny regulator
prvého rddu (PS-reguldtor).

Riadiaci zdsah diskrétneho PI reguldtora je vyjadreny diferencnou
rovhicou

E(z)(q,+9,z")=(1-z")U(z)

u(k) = u(k—-1)+qy.e(k)+qe(k—1)

Podmienky ekvivalentnosti si odvodené podobne ako u PID reguldtora

u(l))>u) a ¢q,>0 90 +4q, >0 alebo g, >—q,




PCH - PT REGULATORA-PODM.EKVIVALENTNOSTI

u(k)]

qo*q1

Jo

t=kT



Iné vyjadrenie PS reguldtora je mozné pomocou koeficientov K, c; a cg.
Pre q,=0 je zosilnenie K a koeficienty c4 a c; vyjadrené

K =g,

Prenosovad funkcia diskrétneho PT reguldtora (DPI) pouzitim koeficientov K, ¢;:

) Kli+(-Dz""] U@
e 11—z - E(z)

Riadiaci zasah

u(k) =u(k —1)+ Ke(k) + K(c, —De(k —1)




Diskrétny I reguldtor ziskame ak poloZzime q,=0, q,=0. Prenosova
funkcia diskrétneho I regulatora je v tvare:

o Q1Z_1 . U(z)
) =17 T EG

Riadiaci zdsah uréime z prenosovej funkcie u(k)=u(k—1)+q,e(k—1)

Ak polozime c;=0, dostaneme diskrétny PD regulator s prenosovou
funkciou:

Gr(2)=qy—q,z " = o) = K[l +c,(1- Z_l)] =)
E(z) e =92
T K
Prenosova funkcia diskrétneho P reguldatora G,(z)=gq,
Riadiaci zasah P regulatora: u(k) = qoe(k) ? |uk)=ulk-1)+K/e(k)-e(k-1)]

Au(k) =u(k)-u(k-1)=P e(k)—e(k-1)+I—e(k—1)+TT—d(e(k—1)—2e(k—1)+e(k—2))




Modifikacia PID reguldtorov dpravou derivacného clena

jednoduchd ndhrada derivdcie diferenciou prvého rdadu vndsa
nepresnosti do rggurzlynzggh a nerekurzivnzych foriem PSD
reguldtorov a moze sposobit’, Ze riadiaci zasah nadobuda velké a
prudké zmeny.

Aby sa tomu predislo, vyuZiva sa ndhrada derivdcie priemernou
hodnotou napr. zo styroch hodnot odchylky:

e. (k)= i .Zk:e(i) _ e(k_3)+e(k—2j+€(k—l)+e(k)

Ak pouzijeme nerekurzivnu formu PID reguldtora, potom derivaciu
nahradime vzt’ahom:
de T

g =2 Me_(k) =
dt T
L[el)-e ) k-D-e ) e®-ek-3)  ¢®)-ek-)
4| 1aT 0.5T 0.5T 157 |
=Q[e(k)+3e(k—1)—3e(k—2)—e(k—3)]
6T
pre rekurentnid formu: Td%=g—‘}[e(k)+2e(k—1)—6e(k—2)+23(k—3)+e(k—4)




Gy

1 T4S
G.(2)=G,.G.(z)="2 {G (S)} GR(S):K{1+TiS+1+TfS}
l
T

PID formy ,neidealizovaného” diskrétneho regulatora

Ak spojity PID reguldtor obsahuje v derivacnej zlozke
oneskorovaci clen, moZzeme jeho diskrétny opis urcit’
niekol'’kymi sposobmi. Prakticky sa vyuZivaji dva sposoby
prepoctu:

Prvy sposob prepoctu je realizovany na zdklade urcenia
z-obrazu zo spojitého opisu, t.j.

(z)= K2 lk £
Y4

_+_
-1 T, z+D

szl}

-
S0 S LI | ! P
S Ts 1+T.s

1
K (1=|=Td) z° [1 D, L szl+[Td+(T= )DIJZQ . ,
T T T T \T _490t4\Z +4q,z U(z)

l-z"')1+D,2) Cl+pzl+p,z? E(2)




K [1+T"jzO —(1—D1 +2Td—TJz1 +(Td+(T—1jD1JZZ -1 -2
T T T T; T, _ 4o +q,Z +q,zZ _ U(z)

. _ — =
<(2) i-z')i+D,z") 1+ pz" +p,z°  E(2)
T
=K|1+=2
%o ( +TfJ q, :K|:E+(T_d_1)D1}
T T Ty i =D —1
_ kl1- a1 T
q, = K(l D, +2_|_f TJ D, e P, =—D,

u(k) =—pu(k —1) — pu(k —=2)+q.e(k) + ge(k —1) + g,e(k —2)

Druhy sposob vypoctu parametrov PID neidedlneho diskrétneho PID
regulatora moZeme urcit’ aproximativnym sposobom podl'a Tustinového
vzt'ahu.

}

+gz'+qg,z% U(z
GR(Z): QO QI q2 _ ( )

1+ pz" + p,z™° - E(z)



_— G, (2) = g, + 9,2 +Q2Z_2 :(E]Eji \

1+plz_1 + P,z

] K[1+2(c, +¢; +0.5-¢, (14 2¢,)] 0, = K[c,, —4(Cy +Cyy)] ] Klc,(2-c,)+2c, +0.5-c;, -1/
= 1 - =
’ 1+2c, 1+2c, ’ 1+2c,,
T T _
Cp1 = ?f c, = F c, = % P = _4Cp1(1+2cp1)
d 2¢,, -1
_ "l
P2 e,

Riadiaci zdsah PID(NI) reguldtora

u(k) =—pu(k —1)— pu(k —2) + q.e(k) + qe(k — 1)+ q,e(k —2)



-1 2
_ G0tz " +0p?

Typ Koeficienty PSD regulatora Ggr(2) =] )
Po — P12 = — P2z
do Q1 a2
Po P P2
T
PSD K(1+—d] —K(1+2T—d—£j Ko
(1) T T T T
1 1 1
- K(HLJ_dJ _K[ ﬂ_LJ ar
) 2T T T 2T T
1 1 0
2I; T
—Kl1- Za
PSD K| 1428 [ T Tij Kl 1e T _1lp,
To To T
3) Dy =-exp(-T/T;)
1 Dl =1 —D]_
Kl1+2(cp1 +cd1)+cl-1/2(l+2cp1)J KlC|1—4(Cp1 +Cdl)J K[Cpl(z_cil) i 2Cd1+Cil/2_1J
1+2c 142 1+2cy
PSD pl +2Cp1
@ 1 A¢c q [(L+2 2 D/(L+2
—4cp /(L+2¢y) (2cp1 1) /(L+2cp)
CplzTO/T CilzT/Ti Cdlsz/T




Doplnok - kvalita reguldcie frekvenéna oblast’




Closed Loop

Disturbances
l Perturbations

> Feed P
Yref o | Y
8 ) 4
9, IAE System —®——

F(S) H (S)

G(s)

Open loop : system H(s) ; system with controller F(s).H(s)
Closed loop : He (s) = F(s).H(s) / [ 1 + F(s). H(s) G(s) ]

Steady state error : F(s) must contains the internal model of the
reference (the transfer function that generates Yref(t) from the
Dirac impulse ;

e.g. step = (1/s) * Dirac ; ramp = (1/s2) * Dirac,...



Closed Loop : Perturbation
rejection |

Perturbation-output sensitivity function :
Syp(8) =Y(s) / P(s) =1/[1 + F(s).H(s).G(s)]

Perturbation rejection :

S,p(0) =0 to get a perfect rejection of the perturbation In
steady state (controller must contain the classes of
perturbation)

and

Syp(@) <G 5 Jo

[ Example : |S,,(w) | <2 (6dB) ; /o]

If the energy of the perturbation is concentrated in a given
frequency band, the |S,(») | should be limited in this band.




Controller Desig_n

In order to design and tune a controller :
1) To specify the desired control loop performances
Regulation and tracking : rise time and max overshoot
or bandwidth and resonance

2) To choose a suitable controller design method

3) To know the dynamic model of the plant to be controlled
=> control model

Control model :
- Non parametric models : e.g. frequency response, step response,...
- Parametric models : e.g. transfer function, differential eq., state eq.

To get the model :

- knowledge type model (based on the physic laws) ; used for
plant simulation and design

- identification models (from experimental data)



Continuous - time Models : Frequency
Domain

- J J ;3 § } § | j=jsgy

Linearsystem H(S) : transfer function

Note:
o ) . State Equation
u(t) = el y(t) =G(w) . ¥ Differential Eq.
— System — Transfer
u(t) — pst y(t) = G(s) . €% function
Observability,
Controlablity
20.1og(|G|)t :
Gain 1
S oorf VIS s
deg _ 4 : X
o or f ' '
i,_\ Root locus : poles and zeroes
Phase Nyquist, Nichols,...

Bode Diagram



Continuous - time Models : Time responses

Response of a dynamic system for a

Maximum overshoot (M)

—~t+
v

- TR
ts

v

step input

Final Value
(Steady state)

Example : 15t Order
H(s) = G/(1+sT)
FV=G

t,=22T

ts=2.2 T (for 10% FV)
te= 3 T (for 5% FV)
M=0
e

t, : Rise Time ; define as the time needed to attain 90% of the final value ;
or as the time needed for the output to pass from 10 to 90% of the final value
t; : Settling Time ; define as the time needed for the output to reach and
remain within a tolerance zone around the final value (x10%, + 5%, +1%,...)

FV : Final Value :; a fixed output value obtained for t+ — oo

M : Maximum Overshoot ; expressed as a percentage of the final value



Continuous - time Models : Frequency
responses

20 log[ H(jw) ] Nb of poles

/"ﬁ/ Nb of zeroes
- 20 dB/dec
=3 dB \ (p - m) x

N dB

AN //// .

Wg  W¢ _
(fa) (f)  w=2pf

Resonance

fg : Bandwidth ; the frequency from which the zero-frequency (steady
state) gain 6(0) is attenuated by more than 3 dB ; G(wg) = 6(0) - 3dB or
G(wg) = 0.707 . 6(0)
f. : Cut-off frequency ; the frequency from which the attenuation is
more than N dB ;

G(we) = 6(0) - NdB
Q : Resonance factor ; the ratio between the gain corresponding to the
maximum of the frequency response curve and the value 6(0)



Reciprocity : Time / Frequency

-3dB

N

0.9

0.1

f,_ U2 T?\ :
requency

time

t,=22T

/\

V

fB = 43D / TR



Closed Loop : Margins

Module Margin : Gain Margin
AM = |1 + H(jo) min = [S™yp(0)|min DG =1/ 1H(wieo)]

] 1 ) yP for' F(ngo) = -180°
Measure of perturbation rejection and robustness Typical : G /2 (6dB) [min: 1.6 (4dB)]

of non linearity and time variable parameters
Typical : AM /0.5 (-6dB) [min: 0.4 (-8dB)]

TIm H(jo)
............. 1/G
AM — <\ Re Ho)
: "~ :

Delay Margin : A Phase Margin :
AD = my.1T ; At=AD/w, > 0 AD = 180° - D(o,,)
additional delay that could be for H(jo,) = 1
tolerate by the open loop system _ T :

®,, : Crossing pulsation

without instability for the closed

loop system Typical : 30° [ AD [60°



